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Outline

▶ Basics of phylogenetics (phylogenetic trees, rooted and unrooted,…)
▶ Phylogenetic networks: what are they ?
▶ Validating networks I: tree containment
▶ Validating networks II: Comparing phylogenetic networks

2/31



Phylogenies: basics [Huson et al., 2010]
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Phylogenies: basics [Huson et al., 2010]

ti
m
e

speciation

observable, 
present-day taxa

Usual assumptions:
▶ 1 edge = speciation = “takes a long time”
▶ internal node = hypothetical common ancestor of descending taxa
▶ taxa = species or gene
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Rooted and unrooted phylogenies [Kong et al., 2022]

1 2 3 4

rooted

Aims at being an explicit representation
of evolution though time, with evolu-
tionary events, and a biological interpre-
tation

↪→ true goal and mostly our interest in this
talk

1

2 3

4

unrooted

Graphical and hierarchical representa-
tion of the similarity/distances between
a set of entities (abstract)

↪→ easier to reconstruct
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Phylogenetic networks
Phylogenetic trees are not capable of representing:
▶ Horizontal gene transfer (e.g. between bacteria [Abby et al., 2012])
▶ Hybridization (e.g. plants [Rieseberg, 1997])
▶ Recombination (e.g. viruses [Temmam et al., 2022])

↪→hence phylogenetic networks with reticulations

(Note: It usually makes sense to assume networks have bounded degree.
high-degree=uncertainty)
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▶ Recombination (e.g. viruses [Temmam et al., 2022])

↪→hence phylogenetic networks with reticulations

leaves (vertices with no out-neighbors), labelled

root (unique)

: reticulations (vertices of in-degree >1)

: tree nodes (vertices of in-degree =1)

(Note: It usually makes sense to assume networks have bounded degree.
high-degree=uncertainty)
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Rooted and unrooted networks

1 2 3 4 Example of an unrooted network (a split
network), Figure 4.3 of [Huson et al., 2010].

▶ As for trees rooted (directed) networks are often called explicit and unrooted
network abstract (representing relationships)

▶ Numerous methods exist to obtain unrooted networks from
distances [Huson et al., 2010].

▶ Some methods (MCMC Bayesian) exist for rooted networks
[Rabier et al., 2021, Zhang et al., 2018] but they are computationally intensive
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Controversy around the reconstructed evolution of SARS-COV-2
In March 2020, was published:
▶ [Forster et al., 2020] Forster, P., Forster, L., Renfrew, C., Forster, M. (2020). Phylogenetic

network analysis of SARS-CoV-2 genomes. Proceedings of the National Academy of
Sciences, 117(17), 9241-9243.

They present

▶ It is an unrooted network obtained
with the Median-joining method
(distance-based) [Huson et al., 2010]

▶ Three responses were published to
criticize this choice:
[Sánchez-Pacheco et al., 2020, Chookajorn, 2020,

Mavian et al., 2020]
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Reply from the original authors:

Also:
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Controversy around the reconstructed evolution of SARS-COV-2
In March 2020, was published:
▶ [Forster et al., 2020] Forster, P., Forster, L., Renfrew, C., Forster, M. (2020). Phylogenetic

network analysis of SARS-CoV-2 genomes. Proceedings of the National Academy of
Sciences, 117(17), 9241-9243.

They present

Finally [Morel et al., 2021]
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Validating networks: tree containment

▶ Networks are a relatively recent field of research, whereas gene trees have been
studied for a long time

▶ Idea: if a network is correct, and a gene tree (on the same species) is correct, then
the gene tree must be embedded in the network.

1 2 3 4

→

1 2 3 4

▶ For each reticulation, one of
the incoming edges must be
chosen

▶ then, contraction of the nodes
of degree 2
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Tree containment problem
TRee Containment
Input: a network N and a tree T on the same set of taxa.
Question: Is the tree T contained in N ?

This problem is NP-hard [Kanj et al., 2008], through a reduction from:

Node-Disjoint Paths
Input: A directed acyclic graph G = (V, E) and k pairs of nodes {(si, ti)}1≤i≤k

Question: Are there directed paths P1, . . . , Pk such that ∀i, Pi starts in si and ends
in ti, and ∀i ̸= j, V(Pi) ∩ V(Pj) = ∅ ?

s1

s2

t3

s3
t2

t1

s1

s2

t3

s3
t2

t1
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NP-hardness reduction
From an instance G, {(si, ti)}1≤i≤k of Node-Disjoint Paths we want to get an instance
N, T of TRee Containment such that:

G, {(si, ti)}1≤i≤k yes-instance ⇔ T contained in N
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NP-hardness reduction
From an instance G, {(si, ti)}1≤i≤k of Node-Disjoint Paths we want to get an instance
N, T of TRee Containment such that:

G, {(si, ti)}1≤i≤k yes-instance ⇔ T contained in N

G

s1

t1

s2

t2

sk

tk

ls1 ls2 lsk

lt1
lt2

ltk

nodes with no in-neighbors

nodes with no out-neighbors

S

L

S

…
L

ls1 lt1
ls2 lt2

ls3 lt3

▶ Note: here we are showing
NP-hardness on non-binary
networks and trees

▶ [Kanj et al., 2008] show that both
the tree and the network can
be made binary while
maintaining the reduction.
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FPT algorithm in the number of reticulation
For each reticulation, choose an incoming edge:

1 2 3 4

→

1 2 3 4

▶ One can list all trees and
check if T present

▶ Yields a O(2r · n) algorithm
with r the number of
reticulation

▶ This is called an FPT
(fixed-parameter tractable)
algorithm, of the form f(r) · nc
for a function r and a constant
c (r: parameter).

The study of the feasibility of FPT algorithms is called parameterized
algorithmics [Cygan et al., 2015]
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FPT algorithm in the level

level of a network: max number of reticulations in a biconnected component

▶ biconnected component: cannot be separated
by a single vertex deletion

▶ on the left: 4 reticulations, but level 2
▶ one can always see the network as a “tree of

blobs”
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A separation rule for tree containment

▶ Consider an edge between two blobs
→ splits the leaf-set

▶ If the tree is displayed, it must use this
edge.

▶ It must therefore also have an edge
with the same split

▶ → we can find this edge and split the
problem

Yields a O(2ℓ · n) algorithm for the TRee Containment problem. Strictly better than 2r

state of the art: O∗(1.62ℓ) [Gunawan et al., 2016]
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Even better than level, scanwidth ?

scanwidth: the width of the best tree extension T: A tree on the same vertices as the
network N, respecting the DAG ordering. The width of the tree extension is

max
u→v∈E(T)

|edges of N from above u to below v|
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Even better than level, scanwidth ?

scanwidth: the width of the best tree extension T: A tree on the same vertices as the
network N, respecting the DAG ordering. The width of the tree extension is

max
u→v∈E(T)

|edges of N from above u to below v|

1

2 3

45
6

7

8

a b c d

phylogenetic network

1

2
3

4
5

6
7

8
a

b

c

d

cut of size 4

layout showing
that scanwidth ≤ 4 Figure from [Holtgrefe et al., 2024]
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Scanwidth
▶ NP-hard to decide given N and k, if scanwidth(N) ≤ k [Berry et al., 2020]

▶ May be much smaller than level.
▶ Small for “tree-like” networks

▶ Is there an f(sw)nc algorithm for TRee Containment ?
▶ There is a 2O(tw

2) algorithm though [Van Iersel et al., 2023], with tw the treewidth, and
tw ≤ sw, so yes.

▶ can f be made better for scanwidth ? OPEN !
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Conclusion of this part

▶ The TRee Containment problem is one of the textbook combinatorial problems
concerning phylogenetic networks

▶ Its motivation is the validation of networks using better-known gene trees
▶ We saw that structural parameterizations may be useful to obtain fast exact

algorithms, even though the problem is NP-hard
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Comparing phylogenetic networks
Typical situation in phylogeny reconstruction:

data

…method1

prediction1 prediction2 prediction3 predictionN

method2 method3 methodN

▶ If simulated data, how similar are they to the ground truth ?
▶ Which predictions look alike ? which are outliers ?
▶ Is there some common structure, i.e. consensus ?

Underlying problem: comparison of phylogenetic networks (∼ comparing graphs)
→ computation of metrics

→ what we are tackling here
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Metric: definition

A function d on pairs of networks is a metric if, for any two networks N1,N2:

1. Symmetry: d(N1,N2) = d(N2,N1)

2. Positivity: d(N1,N2) ≥ 0

3. Identity: d(N1,N2) = 0 if and only if N1 and N2 are isomorphic
4. Triangle inequality: d(N1,N2) ≤ d(N2,N3) + d(N3,N2)

Extra desirable properties:
▶ outlining of common structure
▶ computable (polynomial, FPT. . . )
▶ valid on all (bounded-degree ?) networks

computing a metric on networks
is GRaph IsomoRphism-complete
[Cardona et al., 2014]

(but GI polynomial on bounded-
degree graphs [Luks, 1982])
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Robinson-Foulds on trees: an ideal

▶ The Robinson-Foulds metric is the most established metric on trees
[Robinson and Foulds, 1981]

▶ clade: set of descendants of an internal node.
▶ contracting an edge in a rooted tree = deleting exactly one clade.

dRF(T1, T2) = |clades(T1)∆clades(T2)|
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Robinson-Foulds on trees: an ideal
▶ Robinson-Foulds distance: size of symmetric difference of cladesets

1 2 3 4 5

T1

1 2 3 4 5

T2

clades of T1: (12), (123), (45)

clades of T2: (12), (123), (1234)

}
RF distance = 2

▶ Computable in linear time
▶ Applicable to all trees
▶ original definition: as min # edge contraction/expansion

operations [Robinson and Foulds, 1981]

1 2 3 4 5

→

max common contraction

our work: contraction/expansions
for a metric in networks
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Some existing metrics on networks

metric explanation
Type I - subgraph-based

sub-network symmetric difference of the sets of rooted sub-networks [Huson et al., 2010]

tree-containment* symmetric difference of sets of contained trees [Huson et al., 2010]

soft-wired clusters* symmetric difference of sets of soft-wired clusters [Huson et al., 2010]

hard-wired clusters* symmetric difference of sets of descendant leaves [Cardona et al., 2008a]

Type II - connectivity distances
(extended) µ-distance* counting the # of paths from each node to each leaf [Cardona et al., 2008a]

tri-partition* comparing sets of strict and non-strict descendants [Cardona et al., 2008a]

nodal distance comparing matrices of leaf-to-leaf distances [Cardona et al., 2008b]

triplet distance symmetric difference of triplets of common ancestors [Cardona et al., 2008b]

Type III - operational distances
NNI(+SPR)+∆ min # of NNI(+SPR) operations for N1 → N2 [Gambette et al., 2017]

cherry-picking min. # of cherry-picking operations [Landry et al., 2022]

this work min. # of edge contractions/expansions

*= generalizations of Robinson-Foulds on trees
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Some existing metrics on networks

metric complexity class of networks common structure
I - subgraph-based

sub-network O(n6) [Luks, 1982] all bounded-degree not really
tree-containment O(2r · nc) ? not all bounded-degree not really
soft-wired clusters O(2r · nc) ? not all bounded-degree 7

hard-wired clusters O(n2) not all bounded-degree 7

II - connectivity distances
(extended) µ-distance O(n2 log(n)) [Cardona et al., 2024] orchard networks 7

tri-partition O(n4) [Cardona et al., 2008a] time-consistent tree-child 7

nodal distance O(n3) [Cardona et al., 2008b] TCTC 7

triplet distance O(n5) [Cardona et al., 2008b] TCTC 7

III - operational distances
NNI(+SPR)+∆ NP-hard on trees all bounded-degree 3

cherry-picking 3r · n3 [Landry et al., 2024] orchard networks 3

this work poly. time sub-case all bounded-degree 3

r: number of reticulations, c: a constant
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Contractions and expansions

u v ⇒
contraction

w u

X− Z− Y −

X+ Z+ Y +

⇒
expansion

v w

X− Z− Y −

X+ Z+ Y +

▶ contraction admissible if it does not create a directed cycle
▶ expansion: reverse operation

not 
admissible
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A metric and a semi-metric
We formulate two similarity measures:
▶ dCE(N1,N2): minimum # of admissible contractions/expansions for N1 → N2

▶ δMCC(N1,N2) = |N1|+ |N2| − 2|M| with M common contraction of maximum size
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In trees, same thing. Here, no:
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A metric and a semi-metric
We formulate two similarity measures:
▶ dCE(N1,N2): minimum # of admissible contractions/expansions for N1 → N2

▶ δMCC(N1,N2) = |N1|+ |N2| − 2|M| with M common contraction of maximum size

Proposition: Any network can be contrated into the star network by a series of
admissible contractions

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

→ δMCC(N1,N2) < +∞ for all N1,N2
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Why semi-metric ?

▶ dCE is a metric
▶ δMCC is a semi-metric (no triangle inequality)

Nonetheless, we focus on δMCC and maximum
common contractions given their potential to
highlight common structure
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Maximum Common Contraction: results

Maximum Common NetwoRK ContRaction (MCNC)
Input: Networks N1,N2, integer k
Output: Is there a common contraction of size ≥ k ?

Our results
1. NP-hardness on bounded-degree networks

2. NP-hardness on networks with 4 leaves
3. ETH lower bound

4. A tractable sub-case: weakly galled networks
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Maximum Common Contraction: results

Maximum Common NetwoRK ContRaction (MCNC)
Input: Networks N1,N2, integer k
Output: Is there a common contraction of size ≥ k ?

Our results
1. NP-hardness on bounded-degree networks

2. NP-hardness on networks with 4 leaves
3. ETH lower bound

4. A tractable sub-case: weakly galled networks

parameter status
# of leaves
max degree

|N2|
Para-NP-hard
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Maximum Common Contraction: results

Maximum Common NetwoRK ContRaction (MCNC)
Input: Networks N1,N2, integer k
Output: Is there a common contraction of size ≥ k ?

Some intuition: witness-structure

1 2 3 4

N1

1 2 3 4

M

1 2 3 4

N2

Partition of N1,N2 into connected sets, with same connectivity between sets
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Hardness proof: from Set Splitting
Set Spliting
Input: set X, family of subsets A
Question: ∃ bipartition X1,X2 of X s.t ∀S ∈ A, S ∩ X1 ̸= ∅ and S ∩ X2 ̸= ∅ ?
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Hardness proof: from Set Splitting
Set Spliting
Input: set X, family of subsets A
Question: ∃ bipartition X1,X2 of X s.t ∀S ∈ A, S ∩ X1 ̸= ∅ and S ∩ X2 ̸= ∅ ?

Set spliing instance:

MCNC instance:
if no:

if yes:

common contraction
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Polynomial-time sub-case: weakly-galled networks

weakly-galled networks

Definition: reticulation cycles are edge disjoint.

I III IVII

I III II IV IIIIII IV

kept

=
=

+

+
I III IVII

+

+

dynamic programming over pairs of sub-networks rooted at vertices or pairs of
vertices from the same cycle
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Conclusion on the maximum contraction of networks

▶ Introduced in [Marchand et al., 2024]

▶ Open problems: parameterized computation of it, with respect to the level,
scanwidth or the number of contractions

▶ To get some intuition: looking at fully-labelled graphs
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Maximum common contraction of fully-labelled graphs
Maximum Common ContRaction
Input: two graphs G1 and G2 on the same vertex set V, an integer k
Question: Is there a common contraction of G1 and G2 of size ≥ |V| − k ?

(if yes, the total number of contractions is ≤ 2k)

Informal statement: (1) select some vertices X in both G1 and G2 (representatives) and
(2) around each representative choose a connected set that will be contracted in it.
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An FPT algorithm in k + max degree ∆

Observation: if a graph G has max degree d, and k contractions are applied to G to get
H, then the maximum degree of H is ≤ 2k∆

1. If ∃v ∈ G\H, then vmust be contracted into one
of its neighbors → branch over every possibility

2. If V(G) = V(H), then let (u, v) ∈ E(G) \ E(H) or
E(H) \ E(G) (if does not exist we are done).
Either u or v must be contracted with a
neighbor.

bounded-search tree

This yields a O((8k∆)2k) · n algorithm, FPT in k+∆
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Overall Conclusion

▶ The validation of reconstructed phylogenetic networks yields algorithmic problems
(tree containment, contractions,…)

▶ Some of them can be hard, a tool to tackle them is FPT algorithms
▶ For instance with structural parameterizations: scanwidth, level, degree…

Thank you for your attention
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